PHYSICAL REVIEW E 71, 036109(2005

Thermal noise limitations to force measurements with torsion pendulums: Applications
to the measurement of the Casimir force and its thermal correction
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A general analysis of thermal noise in torsion pendulums is presented. The specific case where the torsion
angle is kept fixed by electronic feedback is analyzed. This analysis is applied to a recent experiment that
employed a torsion pendulum to measure the Casimir force. The ultimate limit to the distance at which the
Casimir force can be measured to high accuracy is discussed, and in particular we elaborate on the prospects
for measuring the thermal correction.
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[. INTRODUCTION force. Magnetic feedback was employed in a demonstration
experiment to measure the gravitational consfaft, while
In a recent measurement of the Casimir fofté a tor-  this technique was slightly modified 2], where electro-
sion pendulum was used. This measurement provided higétatic feedback was employed to eliminate nonlinear mag-
accuracy measurements of this force at separations greatgétic and hysteresis effects.
than 1um [2]. This is because the torsion pendulum is
among the most sensitive physical measurment devices, as !l- ANGLE NOISE IN A FREE TORSION PENDULUM

has been recognized since Cavendish’s measurement of the\y,e consider the case of a torsion pendulum where a mass

gravitational constan® over two centuries agfs]. m with moment of inertid is suspended in the Earth’s gravi-
The limitations to force measurements due to thermal eNeational field by a fiber(or wire) with angular restoring

ergy in the torsion mode, have been long knojh and

torque =-a6 at an absolute temperatuiie Generally, the
extensively studied. We address the particular ¢asen[2]) v P v

; , thermal angular fluctuations for the swingifgyavitational
where electronic feedback is employed to keep the anglgenqyjum modes are vastly smaller than the torsional angu-

fixed. The interest in Casimir force measurements suggesis, fjuctuations. Because each mode hag2 of thermal
that we present the results of our analysis of the experimergnergy the rms angular fluctuations &4é

described in2].
Further measurements of the Casimir force, at large plate KT [ KT

separation, are motivated by recent theoretical work that sug- 660 = \/; > @ (1)

gests a large correction to the thermal contribution to the

Casimir force[5]. This work is not universally accept¢d]  wherek is Boltzmann’s constany is the gravitational accel-

and it has been suggested that the correction is material deration, and ¢ is the pendulum length. Fora

penden{7]. The specific point of7] is that both[5] and[6] =1 dyn cm/rad, m=100 g, and ¢=10 cm, the swinging

are correct, respectively, for dielectrics and for metals, andnode thermal noise amplitude is about three orders of mag-

the respective regions of validity are addressedl7in The  nitude smaller than the torsion mode noise.

theory put forward in7] can be tested with a poorly con-  The case of the free torsion pendulum is when there is no

ducting material such as lightly doped germanium where th@xternal driving or restoring torque applied to the system.

electron mean free path is less than the electromagnetic skifhe angular fluctuations, through the fluctuation-dissipation

depth in the material. In this case, the analysis presented itheorem[12] and the Langevin equatidi3], are described

[5] is likely applicable. For a metal film, as used[®|, the by

analysis presented if6] is applicable, although the general

validity of this approach has been questiofi@H A compari- 160+ y0+ af=1(t)1 (2
son of the Casimir force for metals, semiconductors, and
dielectrics at distances greater tharueh, with 10% level (- lw? +iyw+ a) 6, = VAKTyAfT, (3

accuracy, is necessary to test the assertion put forwdid.in . . .
Such measurements would provide data to help resolve th\ghere 7(t) is the thermal fluctuation torque on the torsion

controversy surrounding the large thermal correction. Thid€ndulum, and, is the fluctuation amplitude at frequency

controversy is discussed at length in a recent review by @ PandwidthAf Hz.

Milton [9] The mean-square spectral density of the fluctuations is,
In this paper, we review the calculations of thermal noise"erefore.

in force measurements for free torsion pendulums. Previ- |6,/> 4kTy 1

ously, Newmar 10] discussed three modes of operation of a Af = 2 (1-x)2+ Q22" (4)

torsion pendulum; here we analyze a fourth mode, where
magnetic or electrostatic feedback is used to measure thehere

1539-3755/2005/18)/0361095)/$23.00 036109-1 ©2005 The American Physical Society



S. K. LAMOREAUX AND W. T. BUTTLER PHYSICAL REVIEW E71, 036109(2005

) o 2 (Tm t
X=—, wj=-—, (5) 02(0):—J (1——>R9(t)dt. (13
o I Tm 0 Tm
and the mechanical quality factor is In the limit of a very long measurement time, the second
term in the integral vanishes compared to the first, and in the
Q= e (6) limit of large Q, we find
woY
) ) ) 2kT 1
To determine the variance of a series of measurements of o?(6) = — . (14)
a QugTy,

0 we need the autocorrelation functid®y,(t). This can be
determined by the inverse of the Wiener-Khinchin theoremNoting that
[14],

I
“lof7 = =
Ryt =R f A—‘”fe“”‘df , (7) 7o Y @Y
0 wherer, is the oscillation period and, is the 1k amplitude
where Re means the real part and 27f. This integral can damping time, the variance can be recast in the form

be calculated by contour integration methods by noting that KT 2
the denominator can be factored as S0;ms= 1 / <E> ’
| TdTm 27T

(16)

(1-x9)?+Q2%=(x-Q+iQ ¥2)(x+ Q +iQ7Y2) o _ o
S o which is a smaller by factor of2/3 than the result given in
X(x=Q-iQ772)(x+Q -iQ™/2), [16], and quoted if17] as Eq.(10).
(8) The force measurement noise is simply given by, using
Eqg. (14) and(6),

adls  [29KT
= OF 1ms = =/ , 17
Q—\/l—QT. (9) R ReT, 17

where

] 5 5 ) . whereR is the effective radius where the force is applied. We
Noting that|6,,|°=[6_,|* anddf=wydx/ 2, the integration  hys see thaR should be as large as possibjeas small as

path is taken fronx=—o to x=+, and the contour is closed possible, and that the sensitivity is independenteaind|.
by a semicircle in the upper half plane where the poles are

located at £2+iQ™1/2 so that lim_,., R,(t)=0. We thus find
[ll. TORSION PENDULUM WITH ELECTRONIC

FEEDBACK
Ry(t) = Re{ @ﬂ T e o290 2Q cog Qwgt) _ _

o 274 In the experiment described [&], feedback was used to
keep the torsion pendulum angle fixed in space. The restor-
+Q7t sin(Qwot)]} . (10 ing torque was generated by changing the voltage between a

fixed plate and the conducting pendulum body, which was

Recalling thata/ wyy=0Q, grounded. The force between capacitor plates with a poten-

tial differenceV is proportional tov?. However, because the
kT ) feedback signal was added to a relatively large fixed voltage

Ry(t) = ;e_wOUZQ Re{cog Qagt) + (20Q) ™ sin(Qat)]. Vo, the system was linear in tha¥?=(Vy+46V)2=V3

+2V,oV.
A simple proportional-plus-integral feedback scheme was
used in[2]. For this system, Eq2) becomes

(13)
The integral of the spectral density &(0) and should be

equal to the mean-square fluctuations, ) ]
|0+70+a0=7(t)—,80—f<j0dt, (18
kT
Ry(0) = = (12)

where 8 and « are the proportional and integral feedback

which is true for Eq.11) and is an important check for the ?al_n, rfespectllvely. ;’he E_:Xperlrp]_efg] was opﬁraterclj n the_ |
autocorrelation function. imit of very large damping, which means that the inertia

The general operating procedure is to take many closel{! ) term can be neglected. The system was in some ways
time-spaced measurements of the torsion pendulum anglgduivalent to a phase-locked lo@BLL) because in this limit
with the time spacing less than any correlation time in thed is a constant value proportional to the feedback sifh8l,
system. The variance of the sample means, for many closelgnd the standard PLL analysis techniques can be applied to
spaced measurements over a time interVg] assuming this problem. The spectral amplitude can be determined as
without loss of generality, that the mean is zero]1i§] before,
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— ré Zmrt
(i7w+a)0w=<-ﬂ—.£>0w+ VAKTyAf (19 =2l a=tT (25
iw 2 ¢ 2 ¢
and the spectral density is wherer is the wire radius, the internal viscosity=9.37
0,2 akTy 5 x 10° poise for tungste(19], Table Chap. V, Table I)| and
ol _ w

= 555 (20) the tangential coefficient of elasticitijor torsion modulus
Af k* (1-x)°+Q X Z~1.8x 102 dyn/cn?, and depends on the wire diameter
([20], Fig. B 3.2-17. The values ofx for two experiments

h . : ;
where [2,17] are in reasonable agreement with this formula.
o s K B K The experiment$2,17] were operated with higher damp-
X‘w_o' “’0‘;,’ Q= wola+B) (21) ing than that intrinsic to tungsten wirey,. For [2], wy

=4.7X 102 dyn cm sec/rad, compared to the experiment
For this experiment, the output of the integrator provided the=10 dyn cm sec/rad as set by the magnetic damping. For

torque measurement, and [17], vw=1.8X10*%dyncm sec/rad, compared to the ex-
RIER  «2]0,2 periment y=0.2 dyncm sec/rad due to background gas.

o = - = (22) Both of these experiments relied on extra damping to reduce

Af w” Af the effects of perturbations that drove the various pendulum

which is equal to Eq(4) multiplied by o2, but with different modes of the system, and this extra damping effectively in-

meanings for the parameters. We can immediately writé"€ased the system bandwidth.

down the force autocorrelation as measured at the integrator AS We have shown in this paper, the only parameter that
output affects the force measurement sensitivity due to thermal fluc-

tuations is the mechanical damping coefficignEor the two

experiments discussed here, the wire length could have been

substantially shortened without increasing significantly,

e.g, for[2] the intrinsic torsion wire damping becomes equal
23 iothe magnetic damping whei=0.4 cm, and fof17], equal

The response time is optimum whé€n=0.5 so that the sys- to the residual gas damping whér 2.4 cm. From a thermal

tem is critically damped. In this case it is easy to calculatehoise standpoint, there is very little gain in having the wire

the rms noise after many closely spaced measurements igth larger than these values.

KT
Re(t) = %e“"oﬂzQ[Q cog Q) + (2Q) 1 sin(Qagt)].

before The effects of tilt depend linearly on wire length, and tilt
was a major noise source 8] where, for short-term noise,
SF. = | 29KT (24) thermal effects dominated. However, thef Irdoise corner
rms ™ R°T,,’ was around 5 Hz, and the effective system noise was about

o 100 times larger than the expected thermal noise in the wire
which is the same result as before, Ej7). for measurements periods of 10 s separated by 20 s. In this
case it was evident that the tilt was the largest noise factor;
distortion of the concrete floor by the weight of the experi-
menter was a significant factor in the alignment of the appa-

So far in this analysis, electronic noise has been neratus, and this floor was directly coupled to the building. For
glected. This is reasonable because the differential capacitft 7], the system noise was about 10 times the thermal noise.
signal used if2] to provide a measure of the torsion angle Effects of external noise due to tilt of the apparatus could
had an intrinsic sensitivity of 100 V/rad. Given a typical have been reduced, in a practical sense, by reducing the tor-
integrated operational amplifier noise of tensndf’/ VHz at  sion wire length by an order of magnitude in these experi-
the ac bridge frequency of 4.2 kHthe amplifier noise volt- ments without a significant loss of sensitivity.
age is comparable to the Johnson noise in the(l Midge
resistors, the electronically limited angular resolution was of V- CONCLUSION: APPLICATION TO CASIMIR FORCE

A. Electronic noise

ordern rad/\yHz, much below the intrinsic thermal angular MEASUREMENTS
fluctuations of the torsion fiber, which, from Ed.) were of We have shown that the single parameter that determines
order urad fora~1 dyn cm/rad. the thermal force noise after a long-time average of a torsion

pendulum signal is the mechanical damping coefficignt
Several experiments that have been performed to date em-
ployed extra system damping to shorten the time required to
Many recent measurements that have used torsion pendtecover from larger perturbations, and thereby effectively in-
lums have employed fine tungsten wires as the support ancrease the system bandwidth. This implies that many experi-
torsion element. The tensile strength of tungsten is amongnents could have employed a shorter torsion wire, which
the highest of known materials, so a very fine diameter wiravould have substantially reduced the noise due to tilting of
can be used to support a substantial mass. Both the dampinige apparatus.
coefficient »y and the torque coefficienk depend on the With electrical feedback, the syste@ can be arbitrarily
radius to the fourth powdrl9] tuned, and in particulaQ=0.5, corresponding to critical

B. Experimental examples
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Wire Suspension change in plate separation with tilt angle, however, this pos-
Casimir Plate ~ Fixture  Feedback Plate sibility is likely impractical.
The thermal correction to the Casimir force, between
T - - - "'\ curved perfectly conducting surfaces with net radius of cur-
i fcm Center of vatureR, is [21]
NN Force
/ Application 2 ARKT
Torsion Balance Frame F(d) = 4—(12’ (26)
Wire
. whered is the distance of separation between the curved
A ?a;“;:"&‘lﬁ/m urr) surfaces, and this equation is accuratedor4 um, where
77 the usual zero-point Casimir force is relatively small. The
Damping Magnet result in[5] indicates a factor of two reduction in the force

for this or larger separations. The same conclusion was
FIG. 1. In addition to shortening the wire length in a torsion regched by Hgyet al. [22]. In order to test this theory, a
pendulum, placing the centers of the electrostatic feedback and Ca094 measurement accuracy is neededi=at4 um, or 6F
simir plates at the point of suspension of the torsion wire further:o.l,udyn for R=10 cm. This level of sensitivity is 10
reduces the effects of apparatus tilt. times the intrinsic thermal noise ], so with the control of

damping, can be obtained. Operating with thisprovides tilt Noise, a relevant test of the thedi§] should be possible.
the optimum measurement bandwidfhg]. The thermal ~_The idea put forward ifj7] is to employ materials with
noise is still determined by the intrinsic pendulyniisee Eq.  different electron mean-free-paths compared to the electro-
(24)]. The implication is that th€ can be made small, as is magnetic skin depth, for mode frequencies that contribute
desirable from bandwidth consideratieg., so that the sys- significantly to the Casimir force. The analy$is] is only
tem achieves equilibrium in a shorter time after the force isapplicable for materials where the skin depth is greater than
changedl A high bandwidth allows the possibility of a mea- the mean free path, otherwise nonlocal correlations between
surement frequency higher than the inevitable systerih 1/currents in the material and the electromagnetic field exist,
noise corner frequency. and the description of the field propagation into the material
A short torsion wire(a few centimetepssuggests a new in terms of a wave vectors is not complete. However, it has
configuration for a pendulum. As shown in Fig. 1, the “cen-been suggested that the problem for good conductors can be
ters of force measurement” at the test bodies can be locatemhlculated from a surface impedance approach; the electric
at the same height as the support point of the torsion wireand magnetic fields at the plate surfaces can always be lin-
Then if the pendulum tilts, the change in separation betweeparly related, and this relationship can be used to determine
the platedin a Casimir measuremeris second order in the the electromagnetic modes frequencies between the plates
tilt angle. For flat plates, there is only a change in separatioand thus the attractive forcks,7]. Therefore it would be
when the tilt is perpendicular to the axis formed by the lineuseful to compare measurements of the Casimir force at
between the test bodies. For curved plates, tilts around eithdarger separations for both good conducttks or Cu) and
axis lead to a second order in angle change in separatiofor poor conductor§Ge) where the skin depth greatly ex-
With such a configuration, it should be possible to reduce theeeds the electron mean free path. Germanium infrared opti-
tilt noise by a factor of 100, which would allow measurementcal lenses are available witR of order 10 cm([23], and
at level determined by the intrinsic thermal noise. It is tempt-these can be used as the plates in a Casimir force measure-
ing to consider contouring the plates so that there is nanent using a torsion pendulum as[i].
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